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Abstract
Growth of Young diagrams, equipped with Plancherel measure, follows the automodel equation of
Kerov. Using the technology of unitary matrix model we show that such growth process is exactly
same as the growth of gap-less phase of Gross-Witten and Wadia (GWW) model. Our analysis
also offers an alternate proof of limit shape theorem of Vershik-Kerov and Logan-Shepp. We also
study fluctuations of random Young diagrams in this paper. We map Young diagrams in automodel
class to different shapes of two dimensional phase space droplets of underlying non-interacting
fermions. Fluctuation of these Young diagrams correspond to small ripples on the boundaries of
such droplets. We quantise this classical system using Hamiltonian dynamics and show that the
different modes of these fluctuations satisfy U(1) Kac-Moody algebra. We further construct the
Hilbert space of this algebra and find a correspondence between the states in Hilbert space and
automodel diagrams. In particular the Kac-Moody primary corresponds to null Young diagram
(no box) whereas automodel diagrams are mapped to descendants of Kac-Moody primary.
Keywords: Plancherel growth of Young diagrams, unitary matrix model, Kac-Moody
algebra.
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1. Introduction
Young diagrams (or sometimes simply diagrams in this paper) play an important role in mathemat-
ics as well as in physics. It provides a convenient diagrammatic way to describe the representations
of symmetric group and general linear groups. Various properties of these representations can be
understood very easily using this diagrammatic technique. There are different notations in litera-
ture to depict a Young diagram. In this paper we follow the “English notation”. In this notation,
boxes are arranged in horizontal rows with the condition that number of boxes in a row is always
less than or equal to that in the row above. In general as one goes to higher and higher dimen-
sional representations the number of boxes in Young diagram increases. It has been observed that
irrespective of underlying group or representation the growth of Young diagrams behaves very
interestingly.
Young diagrams can be classified in terms of total number of boxes. Let us consider Yk to be
the set of all Young diagrams with k boxes. Then all the diagrams in Yk+1 can be obtained by
adding one box to each diagram in Yk in all possible allowed ways. See figure 1. Such process is
called growth process of Young diagrams. One can construct all possible Young diagrams at any
arbitrary level starting from null diagram (∅), means no box.
For a restricted growth process, one can assign a probability to every transition. Denoting a par-
ticular Young diagram at level k by λk we associate a transition probability Ptransition(λk, λk+1) for a
transition from λk to λk+1
Ptransition(λk, λk+1) = 1k + 1
dim λk+1
dim λk
(1.1)
if λk+1 is obtained from λk by adding one box, otherwise Ptransition(λk, λk+1) = 0. A growth process,
following the above probability measure, is called Plancherel growth process (see [1, 2] for a
2
Figure 1: Growth of Young diagrams.
comprehensive review). Note that the probability to get a diagram at level k + 1 from a diagram at
level k does not depend on the history of transition from level k − 1 to k. Thus, the growth process
is Markovian.
It was shown by Vershik and Kerov [3] and independently by Logan and Shepp [4] that Young
diagrams following Plancherel growth process converge to a universal diagram in the large k limit
when normalised (scaled) appropriately such that the area of the diagram is unity. The boundary
of such normalised diagram becomes smooth under scaling. A universal Young diagram means
the boundary curve takes a particular form, which is called limit shape. The limit shape follows
the famous arcsin law [3, 5].
In the continuum (large k) limit Kerov introduced a differential model to capture the growth of
Young diagrams [1, 5]. He associated a ‘time’ parameter with continuous diagrams to study the
evolution of those diagrams with respect to that. It turns out that Young diagrams equipped with
Plancherel measure follow a first order partial differential equation. The model was named as
automodel [1, 5]. The class of diagrams satisfying such growth or evolution equation is called
automodel class. The limit shape is a unique solution of the automodel equation in far future with
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∅ as initial condition in far past.
The first goal of this paper is to write down a matrix model which captures the growth of Young
diagrams in automodel class. In order to achieve that we define a Young lattice
Y =
∞⋃
k=0
Yk. (1.2)
All the members ofYk have same number of boxes but different shapes. Yk can be thought of as an
ensemble of Young diagrams with the same macroscopic variable k. Therefore the Young lattice
can be thought of as a grand canonical ensemble and one can write down a partition function for
the entire lattice
QY =
∞∑
k=0
zkZYk (1.3)
where z is called fugacity (z > 0) and ZYk is the canonical partition function for Yk, given by
ZYk =
∑
λk
P(λk)δ(k − |λk|). (1.4)
P(λk) is any measure associated with the Young diagram λk. To capture the Plancherel growth
process it is natural to takeP(λk) to be Plancherel measure (2.4). Further discussions on Plancherel
measure is deferred till section 2.
It turns out that the above partition function is solvable in large k limit. The large k limit is similar
to classical limit in physics. In this limit the partition function is dominated by a single Young
diagram. Surprisingly, we find that this dominant diagram has the boundary, exactly same as that
of automodel diagram obtained in [3–5]. We also observe that the dominant Young diagrams
obtained from (1.4) satisfy similar automodel equation, obtained by Kerov, with time parameter
related to an inbuilt parameter of the matrix model. Therefore, the matrix model (1.3) captures the
growth of Young diagrams in automodel class for P(λk) equal to Plancherel measure.
The most fascinating observation in this paper is the dynamics of large k fluctuations of Young
diagrams in automodel class. Large k fluctuations of limit shape diagrams is an interesting sub-
ject to study in mathematics [6–17]. However, in this paper we study such fluctuations from a
phase space point of view. First, we map different automodel diagrams to different 2 dimensional
droplets of an underlying free fermi system. The mapping between automodel diagrams and free
fermi droplets follows from the equivalence between the partition functions of automodel growth
(1.3) and Gross-Witten and Wadia (GWW) model, which is a unitary matrix model. GWW model
has two phases in the large N limit (where N being the rank of unitary matrices) and the auto-
model class corresponds to gap-less phase of GWW. Thus automodel diagrams can also have an
equivalent description in terms of eigenvalue distribution on a unit circle. Since the eigenvalues
of unitary matrices in GWW model (or in any generic unitary matrix model) behave like position
of free fermions [18], it was shown in [19] and other follow up papers [20, 21] that automodel
class can be described in terms of phase space droplets of underlying free fermi theory. These
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droplets are similar to Thomas-Fermi droplets at zero temperature. Different automodel diagrams
are mapped to different shapes of free fermi droplets. Large k fluctuations of automodel diagrams
correspond to small ripples at the boundary of the droplets. To study the dynamics of such fluctu-
ations we construct a single particle Hamiltonian from the shape of the droplets [21]. We employ
Hamiltonian dynamics to study the evolution of classical boundary of a droplet and then quantise
the system. It turns out that different modes of fluctuations satisfy an abelian Kac-Moody algebra.
We also construct the Hilbert space of this algebra and find a one to one correspondence between
the states in Hilbert space and automodel diagrams. In particular the Kac-Moody primary corre-
sponds to null Young diagram (no box) whereas automodel diagrams are mapped to descendants
of Kac-Moody primary. We also map the Gaussian fluctuations of Young diagrams to descendant
states in the Hilbert space.
2. Plancherel Growth of Young diagrams
To make the growth process meaningful it is customary to assign a probability for each diagram at
level k in the Young lattice Y. There is a natural way to assign probability to different diagrams.
We count the total number of inequivalent paths one can follow to come to a particular diagram at
level k starting from ∅. See figure 1. It turns out that the Plancherel measure is proportional to the
square of that number. The proportionality constant is fixed by the normalization condition. To
calculate the number of paths heading to a diagram λk we look at growth of Young tableaux rather
than Young diagrams. Starting from ∅ we keep on adding one box at each level with increasing
number. Therefore the readers can easily convince themselves that at each level k we have different
Young tableaux and a particular tableau can be reached from ∅ by a unique path only. Thus the
number of paths available to reach a particular Young diagram λk is equal to the number of standard
Young tableaux fλk of that given shape. It is well known that[22, 23],∑
λk∈Yk
( fλk)
2 = k!. (2.1)
Hence we get the Plancherel measure P(λk) for a diagram λk
P(λk) =
f 2λk
k!
. (2.2)
We use this probability to write the partition function for the growth process. The number fλk is
equal to the dimension of the representation λk, i.e.
fλk = dim λk. (2.3)
and thus we have,
P(λk) = (dim λk)
2
k!
. (2.4)
When a Young lattice is equipped with Plancherel measure (2.4), the transition probability between
two diagrams λk and λk+1 in that lattice is also fixed and is given by (1.1) [5, 24, 25]. Therefore
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either of the probabilities (1.1 or 2.4) can be used to study the growth process. It was observed in
[3, 4] that a Young lattice equipped with Plancherel measure terminates to a universal diagram in
the limit k → ∞ when the diagrams are scaled properly.
2.1. The Universal Diagram and Automodel
Although we are using the “English” notation for Young diagrams, but the limit shape of Young
diagrams takes a simple form in rotated French notation. A typical shape of Young diagram in
French notation is given in fig. 2. The centres of boxes are marked with (X,Y) coordinates. The
function X(Y) specifies a particular shape of Young diagram in this notation. However, it is more
X
Y
Figure 2: Typical structure of a Young diagram in French notation.
convenient to rotate this diagram anti-clock wise by pi/4 and work in the redefined coordinates
u =
1
2
(Y − X) v = 1
2
(Y + X). (2.5)
A Young diagram in this notation1 is depicted in figure 3. For finite number of boxes the function
v(u) is rough and zig-zag i.e. v′(u) = ±1. As the number of boxes goes very large we define a
rescaled function
vˆk(u) =
v(u
√
k)√
k
(2.7)
1There is another advantage to draw the Young diagrams in rotated French notation. A transition from λk to λk+1
occurs when one keeps a box at any of the minima of rotated diagram. Putting a box at different minima corresponds
to different diagrams at k + 1 level. Therefore the transition probabilities are denoted by µa where a is the position of
a minimum. To find µa we define two polynomials P(x) =
∏n
a=1(x − xa) and Q(x) =
∏n−1
a=1(x − ya), where x1, · · · , xn
are positions of consecutive minima and y1, · · · , yn−1 are consecutive maxima. The transition probability from λk to
λk+1 by adding a box at ath minima is given by decomposing the quotient into partial fraction
n∑
a=1
µa
x − xa =
Q(x)
P(x)
. (2.6)
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XY
Figure 3: Typical structure of a 45◦ anti-clockwise rotated Young diagram.
such that the area under the curve is finite and the boundary curve becomes smooth. It was ob-
served by [3, 4] that when the growth process follows Plancherel transition probability (1.1) the
asymptotic shape of rescaled Young diagrams converges uniformly to a unique curve given by
lim
k→∞
vˆk(u) ≡ Ω(u) =
 2pi (u sin−1 u2 +
√
4 − u2) if |u| ≤ 2
|u| if |u| > 2. (2.8)
In the continuum limit Kerov introduced [5] charge of a diagram, denoted by σ(u) and is given by
(we are using the notation that vˆ(u) = vˆk(u) in the large k limit)
σ(u) =
1
2
(vˆ(u) − |u|) . (2.9)
Therefore,
σ′(u) =
{ 1
2 +
vˆ′(u)
2 for u < 0
−12 + vˆ
′(u)
2 for u > 0
. (2.10)
One can define moments of a diagram
pn = −n
∫
un−1dσ(u) (2.11)
such that area of a diagram (area covered under the curve vˆ(h)) is given by A = (p2 − p21)/2. It is
convenient to consider a moment generating function
S (x) =
∞∑
n=1
pn
n
x−n =
∫
dσ(u)
u − x . (2.12)
The moment generating function as well as the sequence of moments determine the charge and
hence the diagram (vˆ(u)) completely. The moment generating function plays an important role in
our large k analysis of partition function.
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In [5] Kerov introduced a dynamical model for the growth of Young diagrams. For every contin-
uous Young diagram characterized by the function vˆ(u), one can define the function v(u, t), called
the automodel tableaux which depends on two variables u and t as
vˆ(u, t) =
√
t vˆ(u/
√
t) for t > 0 . (2.13)
Kerov showed that the Young diagrams, following Plancherel growth, belong to automodel class
and satisfy the equation
∂tvˆ(u, t) =
1
2t
(vˆ(u, t) − u∂uvˆ(u, t)). (2.14)
In terms of charges the automodel equation is given by,
∂tσ
′(u, t) +
u
2t
σ
′′
(u, t) = 0. (2.15)
With this preliminary discussion on Plancherel growth process of Young diagrams and automodel
class we are in a position to write down a partition function for the Young lattice.
3. The Partition Function
The grand canonical partition function for Y is given by
QY =
∞∑
k=0
zk
∑
λk
(dimλk)2
k!
δ(k − |λk|), z > 0. (3.1)
This partition function is related to Poissonised Plancherel measure [26]. The above ensemble
sometimes is known as Meixner ensemble in literature [27, 28].
Our goal is to solve this matrix model in the large k limit. In that limit the partition function is
dominated by a particular Young diagram and it turns out that the shape of this dominant large k
Young diagram falls into the automodel class of Kerov [5] and for a particular value of parameter it
becomes limit shape [3–5]. Before we present the calculation to obtain the universal diagram, we
show that the partition function (3.1) is remarkably equivalent to the partition function of Gross-
Witten-Wadia model and its cousins. This was also observed in [19].
3.1. A connection between Young lattice and Gross-Witten-Wadia model
The Gross-Witten-Wadia model is a well studied unitary matrix model in physics. The partition
function for this model is defined over an ensemble of N ×N unitary matrices with a real potential
TrU + TrU†, where the trace has taken over fundamental representation. The partition function of
GWW model is given by
ZGWW =
∫
[dU] e
N
λ (TrU+TrU
†), λ ≥ 0. (3.2)
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Gross and Witten [29] (and independently by Wadia [30]) studied this matrix model in the context
of lattice QCD and observed that the system undergoes a third order phase transition at λ = 2.
Different phases of this model are characterised by the topology of distribution of eigenvalues of
unitary matrix U on a unit circle. The strong coupling phase (λ > 2) corresponds to a gap-less
distribution of eigenvalues whereas weak coupling phase (λ < 2) shows a finite gap in eigenvalue
distribution.
A close cousin of GWW model [31, 32] is
Zc =
∫
[dU] eaTrUTrU
†
. (3.3)
The phase structure and eigenvalue distributions of this model are similar to those of GWW up
to a redefinition of parameters : a〈TrU〉 = N/λ [20]. Expanding the exponential in (3.3) we get
Zc =
∫
[dU]
∞∑
k=0
ak
k!
(TrU)k(TrU†)k. (3.4)
Using Frobenius formula for the characters of symmetric group we can write
(TrU)k =
∑
R
χR(1k)TrRU, and (TrU†)k =
∑
R
χR(1k)TrRU† (3.5)
where
∑
R is sum over representations of U(N) (or SU(N)) and χR(1k) is the character of conjugacy
class (1k) of symmetric group S k in representation R. Finally using the normalization condition
for the characters of unitary group ∫
[dU]TrRUTrR′U† = δRR′ (3.6)
we arrive at the final expression for Zc written in terms of sum over representations of U(N)
[19]
Zc =
∞∑
k=0
ak
∑
R
(χR(1k))2
k!
. (3.7)
It is well know that character of conjugacy class (1k) of symmetric group S k in representation R is
equal to the dimension of the representations [22]
χR(1k) = dimR. (3.8)
Representations of U(N) can be expressed in terms of Young diagrams. Since χR(1k) is non-zero
only when total number of boxes in the Young diagram is k we have
Zc =
∞∑
k=0
ak
∑
λk
(dimλk)2
k!
δ(k − |λk|). (3.9)
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Thus we see that the partition function for (cousin of) GWW model is same as that of Young lattice
with a playing the role of fugacity (see [19] for details). However, there is a small difference
between these two partition functions. The sum in (3.9) runs over representations of unitary group
where as in (3.1) the sum runs over representations of symmetric group. This difference makes
these two systems behave differently for certain range of parameter (fugacity). We shall get back
to this issue at appropriate place.
4. Large k analysis of partition function
The large k analysis of partition function (3.1) was explicitly done in [19]. We briefly review the
procedure for the readers, not familiar with matrix model techniques (for a more comprehensive
treatment of matrix models, see [33–35]). To analyse the partition function (3.1) we denote a valid
Young diagram of symmetric group S k by a set of numbers {ni}Li=1 where ni denotes the number
of boxes in ith row. L is an arbitrary positive integer greater than or equal to the height of the first
Figure 4: A generic Young diagram in English notation. Here L is an arbitrary positive integer. The number
of boxes in the first column is less than or equal to L. In general, ∃ a number 0 < M ≤ L such that ni = 0
for i = M + 1, · · · , L.
column. See figure 4. The dimension of a representation λk of S k is given by [22]
dimλk =
k!
h1!h2! · · · hL!
L∏
i=1
i< j
(hi − h j) (4.1)
where,
hi = ni + L − i (4.2)
is the hook lengths of the first box in ith row.
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We consider the large L limit of the partition function (3.1). In this limit the hook numbers hi ∼ L
(4.2). Therefore we define the following continuous functions to describe Young diagrams at large
L
n(x) =
ni
L
, h(x) =
hi
L
, where x =
i
L
, x ∈ [0, 1]. (4.3)
Functions n(x) or h(x) captures the distribution of boxes in a large k Young diagram. The relation
between n(x) and h(x) follows from equation (4.2) and is given by
h(x) = n(x) + 1 − x. (4.4)
The number of boxes in a Young diagram in the large L limit is given by
k =
L∑
i=1
ni −→ L2
[∫ 1
0
dx (h(x) + 1 − x)
]
= L2
[∫ 1
0
dxh(x) − 1
2
]
= L2k′ (4.5)
where
k′ =
∫ 1
0
dxh(x) − 1
2
(4.6)
is the renormalised box number and is a O(1) quantity. Thus we see that the number of boxes in a
Young diagram in the large L limit goes as ∼ O(L2) and hence L ∼ O(√k). The partition function
(3.1) in L→ ∞ limit is given by,
QY =
∫
[Dh(x)]e−L
2S eff[h(x)] (4.7)
where
−S eff[h(x)] =
∫ 1
0
dx−
∫ 1
0
dy ln |h(x) − h(y)| − 2
∫ 1
0
dxh(x) ln h(x) + k′ ln(zk′) + k′ + 1. (4.8)
In the large L limit the dominant contribution to the partition function comes from the extrema of
S eff[h(x)]. Varying S eff[h(x)] with respect to h(x) we get the saddle point equation
−
∫
u(h′)dh′
h − h′ = ln
(
h
ξ
)
, where ξ2 = zk′ (4.9)
where, Young diagram density u(h) is given by
u(h) = −∂x
∂h
. (4.10)
Monotonicity of h(x) implies 0 ≤ u(h) ≤ 1. u(h) also satisfies two conditions∫
dhu(h) = 1, and
∫
hu(h)dh = k′ +
1
2
. (4.11)
Our goal is to solve this saddle point equation (4.9) to find Young diagram density such that it
satisfies the constraints (4.11).
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4.1. Different branches of solutions
All possible large L solutions of (4.9) were thoroughly discussed in [19] and it was observed that
(4.9) admits two possible solutions. However, here we look at the problem more carefully keeping
the symmetry of the growth process in mind. From the Plancherel measure (2.4) we see that at any
level k, two Young diagrams related to each other by transposition, have same probability P(λk).
Therefore the large L solution of (4.9) must be invariant under transposition. Young diagrams,
symmetric under transposition, are called rectangular diagrams [2, 5].
4.1.1. Rectangular Young diagram - symmetric solution
Following [19], we can take the following ansatz for u(h) to get a rectangular Young diagram
u(h) =
{1 h ∈ [0, p)
u˜(h) h ∈ (p, q]. (4.12)
To solve the saddle point equation we define a resolvent
H(h) =
∫ hU
hL
u(h′)dh′
h − h′ . (4.13)
After a little algebra, we find that the resolvent H(h) is given by [19]
H(z) = ln
h
(
h − 1 − √(h − 1)2 − 4ξ2)
2ξ2
 . (4.14)
The resolvent is same as the moment generating function for the rectangular diagrams defined in
(2.12) [5]. The resolvent has a branch cut in the complex h plane. Young diagram density is given
by the discontinuity of H(h) about the branch cut
u˜(h) =
1
pi
cos−1
[
h − 1
2ξ
]
, for p ≤ h ≤ q. (4.15)
The supports p and q are given by,
p = 1 − 2ξ, q = 1 + 2ξ. (4.16)
This particular class of solution exists subject to the following condition
k′ = ξ2. (4.17)
Since p ≥ 0, this solution is valid for 0 ≤ ξ ≤ 1/2. From the definition of ξ (ξ2 = zk′) we also see
that this solution exists for
either ξ = k′ = 0 or z = 1. (4.18)
12
Figure 5: A Young diagram in English notation for automodel class (0 < ξ < 1/2).
The case ξ = k′ = 0 is trivial. This means there is no box in the Young diagram. The non-trivial
solution corresponds to z = 1 (i.e. fugacity is one and hence zero chemical potential). It is easy
to check that the Young diagram is invariant under transposition. The height of the first column
can be calculated from equation (4.4) and is given by 2ξ which is similar to the length of the first
row. Also the function u˜(h) is symmetric about body diagonal. A typical Young diagram for this
class has been depicted in figure 5. In this phase the renormalised number of boxes (i.e. k′) in
a Young diagram grows from k′ = 0 to k′ = 1/4 as ξ changes from 0 to 1/2. For any value of
ξ between 0 and 1/2 the dominant Young diagram is always symmetric under transposition and
hence a rectangular diagram. The limiting value ξ = 1/2 (GWW transition point) corresponds to
the distribution
u˜(h) =
1
pi
cos−1(h − 1). (4.19)
This terminal distribution is same as the universal curve or the limit shape obtained by [3, 4].
Hence we see that the limit shape Young diagram corresponds to GWW transition point in matrix
model side.
We calculate Plancherel measure (2.4) for this dominant diagram. Following [19], the Plancherel
measure in large k limit is given by
1
L2
lnPλk =
∫ q
0
dhu(h) −
∫ q
0
dh′u(h′) ln |h − h′| − 2
∫ q
0
u(h)h ln h dh + k′ + 1 + k′ ln k′. (4.20)
Evaluating the right hand side for symmetric solutions (4.12) and (4.15) we get
Pλk = 1 + O
(
1
L
)
. (4.21)
Thus we see that in the large k (or large L) limit the symmetric solution (4.12, 4.15) is the maximum
probable solution. Probability of having other diagrams is suppressed by powers of L. This gives
an alternate proof of limit shape theorem of Vershik-Kerov and Logan-Shepp result [3, 4].
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4.1.2. Asymmetric solutions
In large k limit the matrix model (3.3) renders another class of solution [19]. This solution is given
by
u(h) =
2
pi
cos−1
h + ξ − 1/2
2
√
ξh
 , for p ≤ h ≤ p
= 0 otherwise
(4.22)
where, √
p =
√
ξ − 1√
2
, and
√
q =
√
ξ +
1√
2
(4.23)
and fugacity z (or a) is given by
z =
4ξ2
4ξ − 1 . (4.24)
The solution is valid for ξ > 1/2. The Young diagrams for this distribution is not symmetric under
transposition.
This is a valid solution in the context of GWW model. In case of GWW model the sum in equation
(3.9) was over the representations of unitary group U(N) for which the maximum number of
boxes in the first column of a Young diagram is N. Therefore, the symmetric representation fails
to be a valid solution of GWW when the first column saturates this bound. As a result, GWW
model undergoes a third order phase transition at ξ = 1/2, known as Gross-Witten-Wadia phase
transition.
However we are dealing with partition function (1.3) where the sum is running over the represen-
tations of symmetric group. In this case there is no such restriction on L (number of boxes in the
first column). Thus we do not see any such phase transition here.
4.2. A connection with automodel
To make a precise connection between automodel class and our solution, we need to set up a
dictionary between the variables defined in (u, v) plane and (h, x) plane. The relation between
French notation and English notation is Y = n and X = x. We use the following transformation
between (n, x) and (u, v) so that u = v = 2 point is mapped to n = 1, x = 0
u
2
= n − x
v
2
= n + x.
(4.25)
Using this mapping one can show that the Young diagram distribution function (4.10) is related to
v′(u) in the following way
u(h) =
1
2
− 1
2
v′(u) with u = 2(h − 1). (4.26)
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One can also check that the terminal diagram (4.19) is exactly same as the limit shape defined in
(2.8). Thus we see that the Young diagram density u(h) is related to charge σ(u) defined in (2.9)
by u(h) = −σ′(u). The resolvent (4.14) for this symmetric solution same as the moment generating
function for charges (2.12).
We also observe that the symmetric distributions (4.12) for 0 < ξ < 1/2 satisfies,
∂ξu(h, ξ) +
h − 1
ξ
∂hu(h, ξ) = 0. (4.27)
Since for this branch we have ξ2 = k′, the above equation can be written as,
∂k′u(h, k′) +
h − 1
2k′
∂hu(h, k′) = 0. (4.28)
Thus we see that the Young diagram density satisfies the automodel equation (2.15) with k′ playing
the role of automodel time t. This is natural to expect that the renormalised box number k′ playing
the role of growth parameter t in Kerov’s paper [5]. Hence we conclude that the partition function
(3.1), in the limit of large box number, is dominated by Young diagram belonging to the automodel
class of Kerov.
5. Fluctuations of automodel diagrams, Kac-Moody algebra and state-diagram correspon-
dence
Gapless phase of GWW model is a classical solution of the model. Study of large N fluctuations
or quantum fluctuations of the classical solution is always interesting on its own. Since automodel
diagrams are mapped to gapless phase of GWW model, large N fluctuations of classical solution,
therefore, correspond to large k fluctuations of automodel diagrams. Such fluctuation of Young
diagrams have been under investigation primarily in the mathematics literature [6–17].
Kerov studied the Gaussian fluctuations around the limit shape of Young diagrams (denoted by
Ω, as defined in (2.8)) endowed with Plancherel measure in [6]. In [8], Ivanov and Olshanki
reconstructed a proof of Kerov’s result on fluctuations around the limit shape from his unpublished
work notes, 1999. A rescaled Young diagram defined in (2.7) in the k → ∞ limit takes the form of
limit shape Ω. However there can be large k corrections to this result and we call such corrections
as fluctuations of limit shape diagram. The central result pertains to large k corrections to the limit
shape which can be stated as
lim
k→∞
νˆk(u) ∼ Ω(u) + 2√
k
∆(u) (5.1)
The sub-leading piece ∆(u) is a Gaussian process defined for |u| ≤ 2. More precisely, ∆(u) is a
random trigonometric series given by
∆(u) = ∆(2 cos θ) =
1
pi
∞∑
n=2
αn√
n
sin(nθ) ; u = 2 cos θ (5.2)
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where αn are independent Gaussian random variables with mean 0 and variance 1. Further inves-
tigations has been done towards understanding the central limit theorem for Gaussian fluctuations
around the limit shape [10, 11]. Fluctuations of random Gaussian and Wishart matrices have been
related to the notion of free probability and free cumulants in earlier works [15–17].
Here we take a different route to study the dynamics of such fluctuations. Our approach is quite
generic and has importance and implications more on matrix model and gauge theory side. Uni-
tary matrix models in large N (N being the rank of matrices) limit renders different solutions or
phases [29, 30, 36–39]. Such phases are also corroborated by numerical studies of lattice gauge
theories in the limit of large number of colours [40–42]. These classical solutions (large N phases
of unitary matrix model) can be described in terms of phase space droplets in two dimensions
[19]. These droplets are similar to Thomas-Fermi distributions at zero temperature. Therefore,
quantum fluctuations (O(1/N)) of these classical solutions can be thought of as small ripples on
the boundary of these droplets. In this section we study the dynamics of such ripples and show
that different modes of fluctuations satisfy an abelian Kac-Moody algebra. Automodel diagrams
are captured by unitary matrix model (GWW, in particular) and hence can be represented as free
fermi droplets. As a result, large N (large
√
k) fluctuations of automodel diagrams satisfy the same
algebra. We further construct the Hilbert space of this algebra and find a one to one correspon-
dence between the states in Hilbert space and automodel diagrams. In particular the Kac-Moody
primary corresponds to null Young diagram (no box) whereas automodel diagrams are mapped to
descendants of Kac-Moody primary.
Droplet description for classical phases is based on the fact that the partition function of unitary
matrix model can also be equivalently written in terms of representations of unitary group. For
example GWW model partition function has two descriptions : one in eigenvalue basis (3.2) or
(3.3) and the second one in Young diagram basis (3.9). Hence different large N phases can be
described either in terms of eigenvalue distributions or Young diagram distributions. There is a
one-to-one correspondence between these two descriptions. It is well known that eigenvalues of
unitary matrices in a unitary matrix model behave like position of free fermions [18]. On the
other hand hook lengths in Young diagram representation are like momenta of these fermions [19,
43]. A relation between these two pictures offers droplet or phase space description for different
classical phases [20, 21]. The phase space is two dimensional and spanned by hook numbers and
eigenvalues - (h, θ).
The gapless2 phase of GWW model is characterised by the eigenvalue density [19, 31, 32],
ρgapless(θ) =
1
2pi
(1 + 2ξ cos θ) for 0 ≤ ξ < 1/2. (5.4)
2The gapped phase occurs for ξ > 1/2. The eigenvalue density for gapped phase is given by
ρgapped(θ) = 2ξ
√
1
2ξ
− sin2 θ
2
cos
θ
2
for sin2
θ
2
≤ 1
2ξ
. (5.3)
The asymmetric solution (4.22) is mapped to one-gap phase (5.3).
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Since the gap-less phase is equivalent to automodel diagrams, we mainly consider the droplet
description of this phase and study its quantum fluctuations.
The one-to-one correspondence between Young diagram distributions and eigenvalue distributions
allows us a topological way to classify different large N solutions. We define a phase space distri-
bution function ω(h, θ) in (h, θ) plane
ω(h, θ) = Θ
(
(h − h−(θ))(h+(θ) − h)
2
)
(5.5)
such thatω(h, θ) = 1 for h−(θ) < h < h+(θ) and zero otherwise. The eigenvalue and Young diagram
distributions are obtained from ω(h, θ) by integrating over h and θ respectively
ρ(θ) =
1
2pi
∫
ω(h, θ)dh and u(h) =
1
2pi
∫
ω(h, θ)dθ. (5.6)
Thus, the two dimensional distribution function ω(h, θ) captures information about both the distri-
butions. Since eigenvalue and Young diagram densities are normalised, the distribution function
ω(h, θ) also satisfies the normalisation condition
1
2pi
∫
ω(h, θ)dθdh = 1. (5.7)
We also define a quantity S (θ), called momentum density
S (θ) =
1
2piρ(θ)
∫
hω(h, θ)dh =
h+(θ) + h−(θ)
2
. (5.8)
Using this definition and eigenvalue distribution defined in (5.6) we have
h±(θ) = S (θ) ± piρ(θ). (5.9)
Since ω2(h, θ) = ω(h, θ), it is actually the shape (i.e. boundary) of this distribution function
which captures information about different large N phases of the theory. To find the shape of the
distribution we need to find h±(θ) for different phase of the theory. For a generic class of matrix
model, it was observed in [20, 21] that h±(θ) is given by
h±(θ) = W(θ) ± piρ(θ) (5.10)
where the function W(θ) depends on the matrix model under consideration. For GWW matrix
model, which is our current interest, W(θ) is given by [21]
W(θ) =
1
2
+ ξ cos θ. (5.11)
Hence for gap-less phase we have,
h+(θ) = 1 + 2ξ cos θ, h−(θ) = 0. (5.12)
17
(a) ξ = 0 : This droplet depicts the Young dia-
gram with no box ∅. (b) 0 < ξ < 1/2 : This droplet corresponds to
generic Young diagram in automodel class.
(c) ξ = 1/2 : Droplet corresponds to limit shape.
Figure 6: Droplets for automodel diagrams with h as the radial coordinate and θ being the angular one.
The distributions for different values of ξ are plotted in figure 6. ξ = 0 corresponds to a circular
distribution. As we increase ξ the shape of the distribution starts deforming. ξ = 1/2 (the last one
in the figure) corresponds to the limit shape. The area covered by these distributions is 2pi and
independent of ξ. Therefore, evolution (with respect to ξ) of automodel diagrams (4.27) maps to
deformation of these droplets keeping the area constant. One can think of these distributions as
incompressible fluid droplets. One important thing to notice here is that the origin (h = 0) remains
inside the droplet for 0 ≤ ξ < 1/2, i.e. the distribution is single valued. Similar droplet picture
exists for one-gap phase also.3
5.1. Fluctuations : semiclassical treatment
The quantum fluctuations ( 1N corrections) of classical solution (
1√
k
fluctuations of automodel Young
diagrams) corresponds to small ripples on the boundary of classical droplets like in figure 7. To
study the dynamics of these fluctuations we need to know how the boundary of these droplets
3For one-gap phase (ξ > 1/2) the distribution is determined by [19]
h±(θ) =
1
2
+ ξ cos θ ± piρgapped(θ). (5.13)
It was shown that for this phase the origin remains outside the droplet. Thus if we take the origin out from the 2d
plane, ξ < 1/2 droplets can not be continuously deformed to ξ > 1/2 droplets. In that sense these two phases are
topologically different. However, this is not the focus of this current work.
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Figure 7: Large k fluctuations about classical geometry for 0 < ξ < 1/2.
evolve with time. To incorporate dynamics into the picture, we first obtain the single particle
Hamiltonian for the underlying fermi system. The distribution functions ω(h, θ) for different clas-
sical phases are similar to Thomas-Fermi (TF) distribution at zero temperature. Thomas-Fermi
distribution at zero temperature is given by
∆(p, q) = Θ(µ − h(p, q)) (5.14)
where µ is chemical potential and h(p, q) is single particle Hamiltonian density. Comparing
our phase space distribution (5.5) with TF distribution we find the Hamiltonian density is given
by
h(h, θ) =
h2
2
− S (θ)h + g(θ)
2
+ µ, where g(θ) = h+(θ)h−(θ). (5.15)
Total Hamiltonian4 can be obtained by integrating h(h, θ) over the phase space
Hh =
1
2pi~
∫
dθ
∫
dh ω(h, θ) h(h, θ). (5.17)
We have taken into account the fact that one state occupies a phase space area of 2pi~ in semi-
classical approximation. We also need to modify the normalisation of phase space density5
1
2pi~
∫
dhdθω(h, θ) = N, with ~N = 1 (5.18)
where, N is total number of states available inside a droplet (N ∼ O(√k)). The classical limit
corresponds to ~→ 0, L→ ∞ with ~N = 1.
4One can show that [21] integrating over h, the total Hamiltonian (without the ~ factor) is same as the collective
field theory Hamiltonian of Jevicki and Sakita [44]
Hh =
∫
dθ
(
S 2ρ
2
+
pi2ρ3
6
+ Ve f f (θ)ρ
)
+ µ (5.16)
with an effective potential.
5For automodel solution number of boxes in the first column is always less than or equal to N, hence we take
L = N.
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The Hamilton’s equations obtained from the Hamiltonian (5.15) are given by
h˙ = S ′(θ)h − g
′(θ)
2
, θ˙ = h − S (θ). (5.19)
These are the set of equations for a particle moving on circle under the influence of an effective
potential. The above set of equations offers the following solutions for gapless phase (g(θ) =
0)
θ(t) = 2 tan−1
 (2ξ + 1) tan
(
1
4
√
1 − 4ξ2t
)
√
1 − 4ξ2
 , h(t) = 1 − 4ξ21 − 2ξ cos ( 12 √1 − 4ξ2t) . (5.20)
The solutions are plotted in figure 8. For ξ = 0 the particle is uniformly moving on circle : θ˙(t)
and h(t) are constant. As we increase ξ the particle starts spending more time at θ(t) = ±pi :
momentum is minimum when the particle reaches at ±pi. At ξ = 1/2, we get an instanton like
solution. Eliminating t from the above solutions one can find that the phase space trajectory for
(a) ξ = 0 : particle moving with constant veloc-
ity.
(b) 0 < ξ < 1/2.
(c) ξ = 1/2 : an instanton like solution and corresponds to the limit shape diagram.
Figure 8: Single particle trajectories for automodel class for different values of ξ.
the particle. The trajectory is given by
h(t) = 1 + 2ξ cos θ(t) (5.21)
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which is the boundary of the classical droplet. Thus we see that shape of large N droplets can be
mapped to phase space trajectories of a classical particle moving on a circle under the influence of
an effective potential. We use the set of Hamilton’s equations (5.19) to study the evolution of the
boundary of classical droplets [45, 46].
Since gapless distributions are single valued (h−(θ) = 0 always), the boundary is given by h = h+(θ)
and the boundary evolution is governed by6
h˙(θ) =
h(θ)h′(θ)
2
. (5.22)
We would like to introduce a Poisson bracket between h(θ) and h(θ′) such that the boundary evo-
lution equation can be written as,
h˙(θ) = {h(θ),Hh} (5.23)
where Hh is the total Hamiltonian (5.17). Integrating over h, Hh can be written as,
Hh = − 12pi~
∫
dθ′
(
h3(θ′)
12
)
. (5.24)
Defining the following Poisson bracket
{h(θ), h(θ′)} = 2pi~δ′(θ − θ′), (5.25)
one can check that the equation (5.23) boils down to (5.22).
To quantise the above classical system we promote the Poisson bracket (5.25) to commutation
relation
[h(θ), h(θ′)] = 2pii~2δ′(θ − θ′). (5.26)
We decompose the fluctuations of h(θ) in Fourier modes
h(θ) =
∞∑
n=−∞
fneinθ. (5.27)
The reality of h(θ) leads to the condition f †n = f−n. The commutation relation (5.26) in h(θ) implies
that the different modes of fluctuations satisfy the following commutation relations
[ fm, fn] = −m~2δm+n,0. (5.28)
This is a U(1) Kac-Moody algebra. Demanding the fluctuations to be area preserving leads to the
constraint
f0 = 1. (5.29)
Non-zero modes do not cost any change in area of the droplets. Redefining fn
fn = ~
√
n a†n for n ≥ 1 , (5.30)
6Since h− = 0, we denote boundary of a droplet by h(θ), instead of h+(θ).
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it follows from (5.28) that
[am, a†n] = δm,n for m, n ≥ 1 (5.31)
which is conventionally known as the Heisenberg algebra.
The representation of (5.31) defines the Hilbert space of the system. We define a ground state |0〉
as
an|0〉 = 0, ∀ n ≥ 1. (5.32)
A generic excited state can be written as,
|~q〉 = ∏
n
(a†n)
qn |0〉 ∀ qn ∈ Z≥0. (5.33)
5.2. A correspondence between states in Hilbert space and Young diagram
There exists a one to one correspondence between states in the Hilbert space and Young diagrams
for the representations of permutation groups via phase space distribution7. In order to find the
same we first define a bilinear of h(θ), called “Sugawara stress tensor”
T (θ) =
h2(θ)
2~2
. (5.34)
The commutation relation (5.26) implies that the stress tensor satisfies the following commutation
relation
[T (θ),T (θ′)] = 2pii
(
T (θ) + T (θ′)
)
δ′(θ − θ′) (5.35)
Decomposing T (θ) in Fourier modes
T (θ) =
n=+∞∑
n=−∞
Lneinθ (5.36)
we find that the Virasoro generators Lms satisfy the Witt algebra
[Lm, Ln] = (n − m)Lm+n. (5.37)
The Virasoro generators can be written in terms of modes of h(θ)
Lm =
1
2~2
∑
n=0,Z
fn fm−n. (5.38)
The zero mode, in particular, is given by8
L0 =
1
2~2
+
∑
n>0
na†nan. (5.39)
7A mapping between Young diagrams and operators/states was considered in[47, 48]. We map states to droplets
and hence to Young diagrams.
8There is a constant part in L0 which is equal to ζ(−1). However, one can get rid of this constant part if we consider
normal ordered definition of stress tensor.
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A generic state |~q〉 is an eigenstate of L0. We denote L0 eigenvalue of |~q〉 by h~q. From (4.11), it is
easy to check that the L0 operator is related to total box number operator and hence L0 eigenvalue
h~q measures the total number of boxes in the corresponding Young diagram associated with a state
|~q〉
h~q = k +
N2
2
. (5.40)
For example, ground state |0〉 has L0 eigenvalue N2/2
L0|0〉 = 12~2 |0〉 (5.41)
and hence, the corresponding diagram has zero box (∅). Ground state |0〉 a primary state of Kac-
Moody as well as Virasoro.
To complete the mapping between the states and the Young diagrams we also need to specify
the shape of the Young diagram with k boxes corresponding to a state in Hilbert space. Since,
a particular Young diagram corresponds to a droplet in phase space, we define an operator Sˆ(θ)
which captures the shape of the droplet in phase space associated with a state in Hilbert space.
From (5.27) we see that an excitation of the ground state by nth mode corresponds to a cos nθ
deformation of the boundary, therefore we define the “shape” operator
Sˆ(θ) = 1 + 2~√
k
∑
n>0
√
n cos nθ a†nan (5.42)
where k is the total number of boxes. The eigenvalue of Sˆ(θ) define the shape function h(θ) in
phase space and hence the distribution of boxes in the corresponding Young diagram. For example
|0〉 state has Sˆ(θ) eigenvalue one and therefore gives a circular droplet, which corresponds to ∅
diagram.
An automodel diagram corresponds to a particular descendant state of U(1) Kac-Moody alge-
bra
| , ξ〉 = (a†1)q1 |0〉, with q1 = N2ξ2. (5.43)
This state corresponds to a Young diagram with total number of boxes N2ξ2 and the shape of the
droplet is given by h = 1 + 2ξ cos θ.
We consider generic fluctuations of automodel diagrams. The corresponding states in Hilbert
space are given by
|F〉 = ∏
n
(
a†n
)αn | , ξ〉, αn ∈ Z≥0. (5.44)
The number of boxes in Young diagram for state |F〉 is given by
N2ξ2
1 + 1N2ξ2 ∑
n
nαn
 (5.45)
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and the corresponding shape is given by
1 + 2ξ cos θ +
2~√
k
∑
n
√
nαn cos nθ. (5.46)
This shape corresponds to a random fluctuations of automodel Young diagrams as αn’s are ran-
dom. One can consider these αn’s to be random Gaussian integers with mean zero. Thus these
fluctuations are similar to fluctuations given by equation (5.2) except the fact that here αns are
integers9.
6. Conclusion
In this paper we show that the growth of Young diagrams equipped with Plancherel measure can
be studied through a simple matrix model. We write down a partition function for such growth
process and solve the model in the continuum limit. In [5], Kerov introduced a differential model
for the growth of Young diagrams, known as the automodel. We find that in continuum limit
our one parameter solution falls in the automodel class of Kerov with renormalised box number
playing the role of time. At the limiting value of the parameter the dominant solution matches
with the limit shape of [3, 4]. Our analysis also offers an alternate proof of limit shape theorem of
Vershik-Kerov and Logan-Shepp.
We observe that the evolution of Young diagrams in automodel class can be mapped to different
shapes of incompressible fluid droplets in two dimensions. Automodel evolution corresponds to
area preserving deformation of these fluid droplets. Such identification was possible due to the
equivalence between GWW model and automodel partition function [19]. In particular we see
that GWW transition point maps to limit shape of [3, 4]. Since eigenvalues of unitary matrices
behave like position of free fermions, two dimensional fluid droplets are identified with classical
phase space of these free fermions [19, 21]. From this distribution we construct the one particle
Hamiltonian. The Hamiltonian describes dynamics of a particle moving on a circle of unit radius
under the influence of an effective potential. The classical phase space trajectories of such particle
captures the information about the automodel Young diagrams.
In view of the above connection between automodel diagrams and two dimensional phase space
droplets, any fluctuations of automodel diagrams correspond to small ripples on the boundary of
these droplets. Using the Hamiltonian equations we quantise the dynamics of such ripples and find
that different modes of these fluctuations satisfy abelian Kac-Moody algebra. The fluctuations
of classical droplets studied in this paper seems quite universal in nature. Edge excitations of
fractional quantum Hall fluid also satisfy similar algebra [49]. Fluctuations of large N fermions
in harmonic oscillator potential also belong to the similar class [45, 46, 50]. Since automodel
class is equivalent to gapless phase of GWW model, quantum fluctuations of the classical weak
9(5.2) considers fluctuations of vˆk(u), where as our Young diagram density is related to derivative of vˆk(u). Hence
the generic fluctuation (5.46) will match with (5.2) if we take a derivative of the same.
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coupling phase of GWW model also falls in this class. We construct Sugawara energy-momentum
tensor from U(1) currents and express the Virasoro modes in terms of Kac-Moody modes. It turns
out that the zero mode of the Virasoro is proportional to box number operator. We also construct
the Hilbert space for the Kac-Moody algebra. It turns out that there is a correspondence between
different states in the Hilbert space and Young diagrams. The Kac-Moody primary (which is
a Virasoro primary as well) corresponds to ∅ (null) diagram. Automodel diagrams correspond
to descendants of Kac-Moody algebra. Fluctuations about automodel diagrams corresponds to
fluctuations about automodel states. The shape of those fluctuations matches with the fluctuations
of limit shape studied by [8]. It would be interesting to study these Gaussian fluctuations of limit
shape diagrams in the context of states in Hilbert space.
Acknowledgments: We would like to thank Rajesh Gopakumar for his valuable comments on
our draft. We are also grateful to Debashis Ghoshal, Dileep Jatkar, Parikshit Dutta, Nabamita
Banerjee, Ashoke Sen for helpful and illuminating discussions. The work of SD is supported by
SERB project of grant no. EMR/2016/006294, Government of India. SD would like to thank the
Simons Associateship of the Abdus Salam ICTP, Trieste, Italy. AC and SD would like to thank the
hospitality of ICTP where part of the project was completed. We all indebted to people of India
for their unconditional support towards research in basic science.
References
[1] S. Kerov, Asymptotic Representation Theory of the Symmetric Group and its Application in Analysis. Transla-
tions of mathematical monographs, American Mathematical Society, 2003.
[2] A. Hora, The limit shape problem for ensembles of Young diagrams. Springerbriefs in mathematical physics,
Tokyo: Springer, 2016.
[3] A. Vershik and S. Kerov, “Asymptotics of the Plancherel measure of the symmetric group and the limiting form
of Young tableaux,” Dokl. Akad. Nauk, vol. 233, pp. 1024–1027, 1977.
[4] B. Logan and L. Shepp, “A variational problem for random Young tableaux,” Advances in Mathematics, vol. 26,
pp. 206–222, 1977.
[5] S. V. Kerov, “A Differential Model Of Growth Of Young Diagrams,” Proceedings of St.Petersburg Mathematical
Society, 1996.
[6] S. Kerov, “Gaussian limit for the plancherel measure of the symmetric group.,” Comptes Rend. Acad. Sci. Paris,
vol. Se´rie I, t.316, pp. 303–308, 1993.
[7] K. Johansson, “On fluctuations of eigenvalues of random hermitian matrices,” Duke Math. J., vol. 91, pp. 151–
204, 01 1998.
[8] V. Ivanov and G. Olshanski, “Kerov’s central limit theorem for the Plancherel measure on Young diagrams,”
arXiv Mathematics e-prints, p. math/0304010, Apr 2003, math/0304010.
[9] P. S´niady, “Gaussian fluctuations of characters of symmetric groups and of Young diagrams,” arXiv Mathematics
e-prints, p. math/0501112, Jan 2005, math/0501112.
[10] L. V. Bogachev and Z. G. Su, “Central limit theorem for random partitions under the Plancherel measure,” arXiv
Mathematics e-prints, p. math/0607635, Jul 2006, math/0607635.
[11] L. V. Bogachev and Z. Su, “Gaussian fluctuations of young diagrams under the plancherel measure,” Proc. R.
Soc. A, vol. 463.
[12] M. Dolega and V. Fe´ray, “Gaussian fluctuations of young diagrams and structure constants of jack characters,”
arXiv e-prints, 1402.4615.
25
[13] L. Erdo˝s and D. Schro¨der, “Fluctuations of Rectangular Young Diagrams of Interlacing Wigner Eigenvalues,”
Aug 2016, 1608.05163.
[14] M. Dolega and P. S´niady, “Gaussian fluctuations of Jack-deformed random Young diagrams,” arXiv e-prints,
p. arXiv:1704.02352, Apr 2017, 1704.02352.
[15] J. A. Mingo and R. Speicher, “Second Order Freeness and Fluctuations of Random Matrices: I. Gaussian and
Wishart matrices and Cyclic Fock spaces,” arXiv Mathematics e-prints, May 2004.
[16] J. A. Mingo, P. Sniady, and R. Speicher, “Second Order Freeness and Fluctuations of Random Matrices: II.
Unitary Random Matrices,” arXiv Mathematics e-prints, May 2004.
[17] B. Collins, J. A. Mingo, P. Sniady, and R. Speicher, “Second Order Freeness and Fluctuations of Random
Matrices, III. Higher order freeness and free cumulants,” arXiv Mathematics e-prints, Jun 2006.
[18] E. Brezin, C. Itzykson, G. Parisi, and J. B. Zuber, “Planar Diagrams,” Commun. Math. Phys., vol. 59, p. 35,
1978.
[19] S. Dutta and R. Gopakumar, “Free fermions and thermal AdS/CFT ,” JHEP, vol. 03, p. 011, 2008, 0711.0133.
[20] P. Dutta and S. Dutta, “Phase Space Distribution for Two-Gap Solution in Unitary Matrix Model,” JHEP, vol. 04,
p. 104, 2016, 1510.03444.
[21] A. Chattopadhyay, P. Dutta, and S. Dutta, “Emergent Phase Space Description of Unitary Matrix Model,” JHEP,
vol. 11, p. 186, 2017, 1708.03298.
[22] M. Hamermesh, Group Theory and its Application to Physical Problems. Dover Publication, 1989.
[23] W. Fulton and J. Harris, Representation Theory: A First Course. Graduate texts in mathematics, Springer, 1991.
[24] E. Strahov, “A differential Model for the Deformation of the Plancherel Growth Process,” arXiv e-prints,
p. arXiv:0706.3292, Jun 2007, 0706.3292.
[25] V. Feray and P.-L. Me´liot, “Asymptotics of q-plancherel measures,” Jan 2010, 1001.2180.
[26] A. Borodin, A. Okounkov, and G. Olshanski, “Asymptotics of Plancherel measures for symmetric groups,”
arXiv Mathematics e-prints, p. math/9905032, May 1999, math/9905032.
[27] K. Johansson, “Discrete orthogonal polynomial ensembles and the Plancherel measure,” arXiv Mathematics
e-prints, p. math/9906120, Jun 1999, math/9906120.
[28] K. Johansson, “A multi-dimensional Markov chain and the Meixner ensemble,” Arkiv for Matematik, vol. 48,
pp. 79–95, Apr 2010, 0707.0098.
[29] D. J. Gross and E. Witten, “Possible Third Order Phase Transition in the Large N Lattice Gauge Theory,” Phys.
Rev., vol. D21, pp. 446–453, 1980.
[30] S. R. Wadia, “N = ∞ Phase Transition in a Class of Exactly Soluble Model Lattice Gauge Theories,” Phys. Lett.,
vol. 93B, pp. 403–410, 1980.
[31] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas, and M. Van Raamsdonk, “The Hagedorn - deconfine-
ment phase transition in weakly coupled large N gauge theories,” Adv. Theor. Math. Phys., vol. 8, pp. 603–696,
2004, hep-th/0310285. [,161(2003)].
[32] L. Alvarez-Gaume, C. Gomez, H. Liu, and S. Wadia, “Finite temperature effective action, AdS 5 black holes, and
1/N expansion,” Phys. Rev., vol. D71, p. 124023, 2005, hep-th/0502227.
[33] M. Marino, “Chern-Simons theory, matrix models, and topological strings,” Int. Ser. Monogr. Phys., vol. 131,
pp. 1–197, 2005.
[34] B. Eynard, T. Kimura, and S. Ribault, “Random matrices,” 2015, 1510.04430.
[35] B. Eynard, Counting Surfaces: CRM Aisenstadt Chair lectures. Progress in Mathematical Physics 70,
Birkhauser Basel, 2016.
[36] D. J. Gross and A. Matytsin, “Some properties of large N two-dimensional Yang-Mills theory,” Nucl. Phys.,
vol. B437, pp. 541–584, 1995, hep-th/9410054.
[37] M. R. Douglas and V. A. Kazakov, “Large N phase transition in continuum QCD in two-dimensions,” Phys.
Lett., vol. B319, pp. 219–230, 1993, hep-th/9305047.
[38] J.-P. Blaizot and M. A. Nowak, “Large-Nc Confinement and Turbulence,” Phys. Rev. Lett., vol. 101, p. 102001,
Sep 2008.
[39] R. J. Szabo and M. Tierz, “Two-dimensional Yang-Mills theory, Painleve equations and the six-vertex model,”
J. Phys., vol. A45, p. 085401, 2012, 1102.3640.
[40] P. Rossi, “Continuum QCD2 from a fixed-point lattice action,” Annals of Physics, vol. 132, no. 2, pp. 463 – 481,
26
1981.
[41] R. Lohmayer and H. Neuberger, “Nonanalyticity in Scale in the Planar Limit of QCD,” Phys. Rev. Lett., vol. 108,
p. 061602, Feb 2012.
[42] H. Neuberger, “Burgers’ equation in 2D SU(N) YM,” Physics Letters B, vol. 666, no. 1, pp. 106 – 109, 2008.
[43] M. R. Douglas, “Conformal field theory techniques in large N Yang-Mills theory,” in NATO Advanced Research
Workshop on New Developments in String Theory, Conformal Models and Topological Field Theory Cargese,
France, May 12-21, 1993, 1993, hep-th/9311130.
[44] A. Jevicki and B. Sakita, “Collective field approach to the large-N limit: Euclidean field theories,” Nuclear
Physics B, vol. 185, no. 1, pp. 89 – 100, 1981.
[45] L. Grant, L. Maoz, J. Marsano, K. Papadodimas, and V. S. Rychkov, “Minisuperspace quantization of ‘Bubbling
AdS’ and free fermion droplets,” JHEP, vol. 08, p. 025, 2005, hep-th/0505079.
[46] L. Maoz and V. S. Rychkov, “Geometry quantization from supergravity: The Case of ‘Bubbling AdS’,” JHEP,
vol. 08, p. 096, 2005, hep-th/0508059.
[47] H. Lin, O. Lunin, and J. M. Maldacena, “Bubbling AdS space and 1/2 BPS geometries,” JHEP, vol. 10, p. 025,
2004, hep-th/0409174.
[48] R. de Mello Koch, “Geometries from Young Diagrams,” JHEP, vol. 11, p. 061, 2008, 0806.0685.
[49] X.-G. Wen, “Topological orders and edge excitations in FQH states,” Adv. Phys., vol. 44, no. 5, pp. 405–473,
1995, cond-mat/9506066.
[50] H. Lin and K. Zeng, “Detecting topology change via correlations and entanglement from gauge/gravity corre-
spondence,” J. Math. Phys., vol. 59, no. 3, p. 032301, 2018, 1705.10776.
27
